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[1] There is currently no physical understanding of the
statistics of heavy precipitation. These statistics are,
however, central to diagnosing climate change and making
weather risk assessments. This work derives a fundamental
rainfall distribution. Interpretation of the water balance
equation gives a simple expression for precipitation as the
product of mass flux or advected mass, specific humidity and
precipitation efficiency. Statistical theory predicts that the tail
of the distribution of the product of these three random
variables will have a stretched exponential form with a shape
parameter of 2/3. This is verified for a global daily
precipitation data set. The stretched exponential tail
explains the apparent ‘heavy’ tailed behaviour of
precipitation under standard assumptions used in extreme
value theory. The novel implications for climate change are
that the stretched exponential shape is unlikely to change,
although the scale may, and precipitation efficiency is
important in understanding future changes in heavy
precipitation. Citation: Wilson, P. S., and R. Toumi (2005), A
fundamental probability distribution for heavy rainfall, Geophys.
Res. Lett., 32, L14812, doi:10.1029/2005GL022465.

1. Introduction

[2] A host of statistical distributions (e.g. gamma
[Groisman et al., 1999], log-normal [Biondini, 1976],
mixed exponential [Woolhiser and Roldan, 1982]) are used
to empirically approximate daily precipitation totals. The
physical justification for these distributions is however
unclear and hence their applicability to unmeasured or future
extremes and their structural stability under climate change
is questionable [Allen and Ingram, 2002; Trenberth, 1999;
Trenberth et al., 2003]. Heavy precipitation events are
known to be dominated by moisture advection from the
surrounding regions [Trenberth, 1999; Trenberth et al.,
2003] with a negligible contribution from local evaporation
and relatively little contribution from change in the total
column atmospheric water content. Local precipitation can
therefore be expressed as the column integrated moisture
flux. Applying a two layer model of the atmosphere with low
level convergence up to the top of the moist layer, zm, gives
local precipitation as [Stevens and Lindzen, 1978]
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where R is the precipitation rate, q is specific humidity or
mass mixing ratio, r is density, v is the horizontal velocity
and w, as we consider only convergence, is the upward
vertical velocity. The over-bar represents a temporal average

such that rw is the mean upward mass flux. Extending this
model to include, for example, upper level divergence and
increases in moisture storage, the actual precipitation rate
can then be expressed as

R ¼ k qrwð Þzm ð2Þ

where k is the instantaneous precipitation efficiency and
represents the fraction of the vertical moisture flux at zm
which is precipitated out [Fankhauser, 1988]. Studies using
equations 1 and 2 in, for example, evaluating extra-tropical
storms [Palmen, 1958], orographic precipitation [Alpert,
1986], latent heating [Magagi and Barros, 2004] and
probable maximum precipitation [Abbs, 1999] have shown
good results by assuming independent variables. Precipita-
tion can therefore be expressed as proportional to the
product of just 3 independent variables; the mass flux, the
specific humidity and the precipitation efficiency.
The accumulated precipitation total, Racc, for a given storm
can also be described as a triple product: Racc = k qm, where
m is the mass of air advected into the column and pushed
through the moist level. Both precipitation rate and total
precipitation can be thought of as an expression of a
multiplicative cascade, where m (and the vertical mass flux)
is the relaxation to the initial mass imbalance of the whole
system, q and k are rainfall specific independent fractions.

2. Theory

[3] The idealised nature of the model outlined above, i.e.
defined on zm and averaged over time, limits the availability
of observations to characterise the distributions of k, q and
rw (or m). However, as averaged quantities, assuming
sufficiently light tails and a sufficient averaging period,
the distributions of these variables can, as a first approxi-
mation for the high magnitudes relevant to heavy rainfall,
be predicted by the central limit theorem to be Gaussian.
Scale normalising the variables, precipitation can be
expressed as proportional to the product nknqnrw where ni
are unit normal variables. Frisch and Sornette [1997] have
shown that the probability density of the product of a
finite number of independent random variables will be
approximately of the stretched exponential form in the
upper right tail of the distribution, i.e. for very large
values. Laherrere and Sornette [1998] discuss a number
of applications of this concept. Frisch and Sornette [1997]
show that for large values the probability of the product is
controlled by realisations where all terms in the product
are of the same order. The probability of precipitation is
therefore, to a leading order, the joint probability of 3
random variables all having common values, R1/3. For the
three Gaussian independent variables in question this
equates to a product, such that P(R) & [P(n = R1/3)]
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where P(n = R1/3) / exp(!(R1/3)2). Integrating the resul-
tant probability density the cumulative distribution of
heavy precipitation, as the threshold r ! 1, is to a
leading order,

P R > rð Þ ¼ exp ! r

R0

! "c# $

ð3Þ

with shape parameter c = 2/3 and scale parameter, R0, a real
number. The form of equation 3 with c < 1 is known as a
stretched exponential distribution. We describe this dis-
tribution as fundamental in the sense that it is based on the
concept of individual rain events and assumes that the
underlying three variables are Gaussian and independent.
On shorter and much longer timescales changes in the
atmospheric water content could invalidate equation 1 and
the Gaussian assumption may not hold. The well known
inverse relationship between duration and intensity [Barry
and Chorley, 1992] indicates that, for heavy rainfall, daily
rainfall can be used as a proxy. Daily totals have therefore
been used in data analysis [Groisman et al., 1999; Karl et
al., 1995; Suppiah and Hennessy, 1998], risk assessments
and modelling studies [Allen and Ingram, 2002; Frei et al.,
1998; Wilby and Wigley, 2002]. We examine a global data
set of daily precipitation where the time average in
equations 1–2 is taken over a single day.

3. Observations

[4] For illustrative purposes Figure 1 shows the proba-
bility distribution for daily precipitation totals from Cam-
bridge in the UK. The stretched exponential distribution,

with an estimated shape parameter of about 0.7, is shown to
be consistent with the generalised Pareto distribution (the
general asymptotic tail form for any distribution) and is
clearly superior to the underestimation of the observed tail
by the most widely used gamma distribution. Figure 2
shows the global variation in the stretched exponential
shape parameter fitted to summer and winter heavy pre-
cipitation from selected stations of the Global Daily
Climatology Network. The mean shape parameter is 0.66
for the summer hemisphere and 0.67 for the winter
hemisphere with a standard deviation of 0.16 and 0.18
respectively. The annual global mean shape parameter is
0.66 with a standard deviation of 0.12. We find the same
mean shape parameter for different (90th, 95th or 99th
percentile) definitions of heavy rainfall. Importantly there
is no systematic latitudinal variation (see Figure 3a),
although geographical variation is evident. Apart from
numerical uncertainties in the fitting, there are a number
of potential mechanisms to explain any departures of the
estimated shape parameter from 2/3. Our theoretical anal-
ysis can now aid in understanding the relevant processes.

Figure 1. Probability distribution of daily precipitation
for Cambridge Botanic Gardens (52.2!N, 0.13!W) 1898–
1999. The empirical cumulative distribution (+) and the
gamma distribution, fitted to all data, (dashed line) are
shown. Fits of precipitation greater than 10 mm/day to
both the stretched exponential (long dashed line) and
generalised Pareto (dotted line) distributions are also
shown. The stretched exponential, linear least squares
estimated, shape parameter, c, is 0.695 ± 0.001. The
maximum likelihood estimate of the generalised Pareto
shape parameter, x, is 0.11 ± 0.03.

Figure 2. Global variation in the stretched exponential
shape parameter. Data from 270 GDCN (http://www.ncdc.
noaa.gov/gdcn.html) stations selected on the condition of
more than 30 years of daily precipitation data and at least 5!
separation. Shape parameter, c, is estimated by linear least
squares regression for daily totals with probability less
than 5% conditional on there being at least 10 unique
points for (a) June through August and (b) December
through February. The null hypothesis that the events are
distributed according to the stretched exponential distribu-
tion cannot be rejected (defined as the c2 test statistic
outside 2 standard deviations) for 86% of the seasonal data
and 71% of the full records, increasing to the expected
95% when accounting for non-stationarity by testing
individual non-overlapping 5 year segments.

L14812 WILSON AND TOUMI: DISTRIBUTION FOR HEAVY RAINFALL L14812

2 of 4



Non-stationarity in the scale parameter, R0, will give an
estimate of c less than 2/3 and multiple events contributing
to the daily totals can result in c > 2/3 [Sornette, 2000].
These mechanisms can potentially explain the element of
coherent geographical variation in the shape parameter
seen in Figure 2, for example, the known non-stationarity
in Australian records [Suppiah and Hennessy, 1998].
However, for individual non-overlapping 5 year segments
of the data, which can be considered approximately
stationary, the estimated shape parameters are within the
uncertainty range of c = 2/3 (estimated via Monte Carlo
simulations). Some heavy events may extend over con-
secutive days. The mean shape parameter is slightly larger
at 0.71 and 0.70 with standard deviations of 0.20 and
0.24 for summer and winter hemisphere two day totals
respectively. This small increase is expected from the
increased potential for multiple independent events con-
tributing to the totals.
[5] To further demonstrate the robustness of the shape

parameter, Figure 3b shows the variation of c with mean
daily precipitation and Figure 3c shows the temporal
variation of the mean shape parameter from the non-

overlapping 5 year segments. There is no significant long
term trend and no systematic variation of the shape of the
tail of the distribution with the mean daily precipitation.
The robustness of the shape parameter may now seem
unsurprising given the physical basis of moisture conser-
vation and its prediction of the stretched exponential form.
We also note that simulations of the triple product can be
fitted to the widely used gamma distribution with param-
eters consistent with those estimated for daily rainfall
where the gamma shape parameter has also been shown
to have invariant properties [Groisman et al., 1999].
However, the gamma distribution has a known tendency
to underestimate heavy events (see Figure 1) and there is
no theoretical basis for the estimated parameters. Equation
3 however, for the first time, quantitatively predicts the
form of the extreme tail.
[6] It is well known that the variation in humidity and

atmospheric circulation are critical in determining the
occurrence of heavy precipitation. Our analysis puts a
further constraint on interpreting heavy precipitation events.
Describing rainfall distributions as a product of just two
Gaussian variables (e.g. just humidity and vertical mass
flux) is excluded from the rainfall analysis since the
stretched exponential shape parameter, c, is less than one
for all stations examined. This implies a critical role for the
efficiency parameter (as the third variable) to explain the
observed statistics. The precipitation efficiency is controlled
by cloud microphysics, entrainment, detrainment, the water
holding capacity of the column, and large scale divergence
above the moist level [Trenberth et al., 2003]. We assert
that predicting the future evolution of the precipitation
efficiency is perhaps at least as important as predicting

Figure 3. Latitudinal, scale and temporal variation of the
stretched exponential shape parameter, c. (a) and (b) show,
respectively, the variation of the individual station all period
estimate of c with latitude and mean daily precipitation
conditional on precipitation occurring. The error bars for
individual stations are the standard error on the linear fit.
(c) shows the temporal variation of the mean shape
parameter, c, from stations with data during non-overlapping
5 year periods. Error bars are the standard error on the mean.
The number of stations reporting in each 5 year period is
shown as the grey shaded region on the alternate axis. In all
figures c is estimated for heavy precipitation defined as daily
totals with probability less than 5%. The expected mean
shape parameter, 0.66, is given as a grey line.

Figure 4. Annual daily maximum precipitation return
periods. Grey lines - observed maxima from 102 daily
station records from the UK with a minimum of 50 years
data (average length 89 years) and less than 15% missing.
Dashed line - GEV distribution for the mean maximum
likelihood estimated shape parameter (x = 0.1) from all
stations. Solid line - standard Gumbel form (x = 0). Dotted
line - predicted GEV distribution from the mean of 100
simulations of annual maxima from 200 year daily time
series of 365 independent stretched exponential variables
with c = 2/3. Annual maxima are normalised by both scale
and location.
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humidity changes. This is a severe challenge as it is poorly
quantified even for our current climate. It may also be
worth noting that similar distributions can be expected for
other flux related variables (e.g. pollution exposure).

4. Extremes

[7] The physical justification for the stretched exponen-
tial distribution has significant implications for the formal
treatment of heavy precipitation through extreme value
analysis. Extreme value theory predicts that the largest
observation from any large sample will belong to the
generalised extreme value (GEV) distribution and the mag-
nitude of exceedance of a high threshold will be distributed
according to the generalised Pareto (GP) distribution [Coles,
2001]. In both cases the distribution shape parameter, x, is
critical in extrapolating to future extremes and is dependent
solely on the tail form of the underlying distribution. For
x = 0, describing the classic Gumbel distribution, the under-
lying distribution is ‘light’ tailed while for x > 0 the
underlying distribution has ‘heavy’ tails. In Figure 1, the
GP distribution fitted to daily precipitation accumulations
greater than 10 mm for Cambridge is shown to have x =
0.11 ± 0.03, consistent with the extensive evidence that
precipitation is heavy tailed [Koutsoyiannis, 2004]. The
stretched exponential distribution is however formally
attracted to the x = 0 limit. The disparity arises due to
the slow convergence to the x = 0 limit where, under
standard practical approximations to the asymptotic theory,
x > 0 is appropriate for stretched exponentials with c < 1
[Cook and Harris, 2004].
[8] Figure 4 shows the normalised fit to a GEV distribu-

tion for long daily precipitation records from the UK. The
mean maximum likelihood estimate of x is 0.1 with a
standard deviation of 0.1. Annual maxima from simulations
of daily time-series of independent stretched exponential
variables with c = 2/3 give a mean estimate of x = 0.08 with
a standard deviation of 0.05 for 100% rain days increasing
to x = 0.11 with a standard deviation 0.05 for 27% rain
days. The prediction of the stretched exponential tail for the
daily distribution of precipitation thus also predicts the
apparent ‘heavy’ tails of observed precipitation extremes.
This has a significant effect on, for example, risk assess-
ment. A Gumbel, x = 0, prediction of a one in a hundred
year event changes into a much more likely one in 40 year
event for x = 0.1.

5. Conclusion

[9] The origin of the tail of the distribution of daily
precipitation totals has been demonstrated to be the result
of the multiplicative properties of the vertical moisture
flux and the precipitation efficiency. A direct consequence
of this distributional form is the apparent ‘heavy’ tails
observed in extreme value analysis of precipitation. Based
on a physical model, supported by a global analysis, we
would expect the stretched exponential shape of the tail of
the rainfall distributions to be largely unaffected by climate
change. The scale of extreme events will however be
determined by multiplicative changes in the magnitudes
of vertical mass flux, specific humidity and the precipita-
tion efficiency. Our analysis is therefore consistent with

projected and observed increases in heavy rainfall events
[Groisman et al., 2005].
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